Abstract. In this work we study the color symmetries pertaining to colorings of M n ¼ Z½x, where x ¼ exp ð2pi=nÞ for n 2 f5; 8; 12g which yield standard symmetries of quasicrystals. The first part of the paper treats M n as a four dimensional lattice L with symmetry group G and a result is provided on sublattices of L which are invariant under the point group of G. The second part of the paper characterizes the color symmetry groups and color fixing groups corresponding to Bravais colorings of M n using an approach involving ideals.
Introduction
The study of color symmetries of periodic [8, 9, 11, [12] [13] [14] and aperiodic [1] [2] [3] 11] structures remains an interesting area of investigation. More recently in [8] , color groups associated with colorings arising from sublattices of square and hexagonal lattices have been discussed. The results have been arrived at using an approach involving matrices, and in obtaining the colorings, no restriction on whether the sublattice used is compatible with either the corresponding square or hexagonal lattice was imposed. In this work, we extend the ideas on the study of color symmetries of crystal structures to quasicrystal structures. The problem of color symmetries of quasicrystals is addressed by studying the sets of cyclotomic integers M n ¼ Z½x, where x ¼ exp ð2pi=nÞ for n 2 f5; 8; 12g which yield standard symmetries of planar quasicrystals. In the first part of the paper, we view M n as a lattice L in four dimensional space and list the sublattices of L which are invariant under the point group of the symmetry group of L. To some extent, these results appear already in [11] , where the author uses a quite different approach, namely, the Fourier space approach. However, the approach provided in this paper enables the enumeration of all the invariant sublattices of L, written in a unique form. In the second part of the paper, we consider Bravais colorings of M n in light of the setting provided in [1] [2] [3] . Here we consider M n , the standard n-fold module as a Z-module of rank 4, and a subring of the cyclotomic field QðxÞ. The set f1; x; x 2 ; x 3 g is a basis for the integers of QðxÞ, where QðxÞ is of degree 4
In [1] [2] [3] , in studying color symmetries for periodic and aperiodic systems, the enumeration of coloring schemes compatible with the symmetry group of the underlying structure has been arrived at using methods of algebraic number theory. In this work, the same compatibility requirement is maintained when considering colorings associated with M n . We derive color symmetry groups, color fixing groups and color permutation groups of Bravais colorings associated with M n using an approach involving ideals.
Primitive decagonal, octagonal and dodecagonal lattices
In this section, we consider each of M 5 , M 8 and M 12 as a four dimensional lattice L in R 4 with corresponding metric tensors and respectively called the primitive decagonal, octagonal and dodecagonal lattices. The metric tensor of a lattice is a square matrix whose ði; jÞ-entry is the inner product of the i-th and j-th basis vectors. Let ft; u; v; wg be an integral
Relative to ft; u; v; wg, each element of L may be represented by its coordinate vector ½a; b; c; d
T . The symmetry group G of L consists of the group of isometries in four dimensional space R 4 that send the lattice to itself. G is a four dimensional crystallographic group which is a semidirect product of its subgroup of translations, TðGÞ ¼ ft y : R 4 7 ! R 4 ; t y : x 7 ! x þ yðy 2 LÞg ffi Z 4 and its point group, P(G) ffi D N , the dihedral group of order 2N, N ¼ n if n is even and N ¼ 2n otherwise. P(G) is generated by the following transformations from R 4 to R 4 ; namely the rotation a and the reflection b. Table 1 called the canonical matrix for L where 0 l 12 , l 13 , l 14 < l 11 ; 0 l 23 , l 24 < l 22 ; 0 l 34 < l 33 and l 44 > 0. The columns of the matrix form a generating set for L.
As our first result, we present a theorem which characterizes the different P(G)-invariant sublattices of L. The result has been obtained by calculating the sublattices L of L which are invariant under the action of P(G) on L. Invariance of a sublattice under P(G) is equivalent to the condition that if M is the canonical matrix representing the sublattice relative to the basis ft; u; v; wg, then for each matrix F representing an element of P(G), M À1 FM is an integral matrix. We list the 4 Â 4 matrices, representing sublattices of L that are P(G) invariant in Theorem 1. Note that for a more workable matrix computation, appropriate rearrangements of ft; u; v; wg corresponding to L have been carried out. (Details of the calculations may be found in [6, 10] .) The matrices listed in (1) are relative to ft; w; u; vg; the matrices in (2)-(3) are relative to ft; u; v; wg. 
In the discussion that follows we characterize the color symmetry groups, color fixing groups and color permutation groups associated with Bravais colorings of M 5 , M 8 and M 12 using an approach involving ideals. The results on color symmetry groups will include determining perfect colorings of L, that is, colorings of L based on sublattices of L which are P(G)-invariant.
Bravais colorings of M n
In this setting, we treat M n ¼ Z½x, where x ¼ exp ð2pi=nÞ for n 2 f5; 8; 12g as a planar module, where we view M n as a subset of the Euclidean plane, identified with C. In studying color symmetries of M n , we consider colorings of M n which are compatible with its underlying symmetry. A restriction to be imposed is that a color occupies a subset which is of the same Bravais type as the original set, while the other colors code the cosets. Assuming this compatibility requirement, a Bravais coloring C of M n is arrived at by considering a coloring using cosets of a principal ideal I of M n . Given I of index ' in M n , each point in M n is assigned a color from a set of ' colors. Two points in M n are given the same color if and only if they belong to the same coset of I. This coloring of the points in M n will be referred to as the Bravais coloring C of M n determined by the ideal I.
In analyzing a Bravais coloring of M n , we consider three groups: the symmetry group G of the uncolored module M n , the color symmetry group H consisting of elements of G which effect a permutation of the colors and the color fixing group K consisting of elements of H which fix the colors. G is generated by the following transformations from C to C; namely, the N-fold counterclockwise rotation f 1 about the origin, the reflection f 2 about the real axis and the translations t m where m ¼ 1; x; x 2 ; x 3 . More precisely, f 1 : z 7 ! e 2pi/N z, f 2 : z 7 ! z (complex conjugate of z) and t m : z 7 ! z þ m. G is isomorphic to T Â s D N , where T is the group of translations ft m : C 7 ! C; t m : z 7 ! z þ mðm 2 M n Þg and D N is the dihedral group of order 2N generated by f 1 and f 2 . T is isomorphic to the module M n . If H ¼ G then we say we have a perfect coloring of M n .
Let C be the set of colors in a Bravais coloring of M n . If h 2 H and c i , c j 2 C, we write hc i ¼ c j when each element of M n colored c i is sent to an element colored c j . This defines an action of H on C which induces a homomorphism f from H to the group of permutations of the set C of colors of the elements of M n . The kernel of f is K, a normal subgroup of H, and hence f ðHÞ is isomorphic to the quotient group H/K, which will be referred to as the color permutation group of the colored module.
Color symmetry groups and
color fixing groups of M 5 , M 8 and M 12
Our first two results facilitate our derivation of the color symmetry group H. Proof. Let f 2 2 H. Then f 2 permutes the cosets of I in M n . Thus f 2 ðIÞ ¼ I since 0 2 I and f 2 ðIÞ is the coset of I containing f 2 ð0Þ ¼ 0. Let rq 2 I ¼ hqi, r 2 M n . Since f 2 ðIÞ ¼ I then rq ¼ f 2 ðr 1 qÞ for some r 1 q 2 I, r 1 2 M n . This implies rq ¼ f 2 ðr 1 qÞ ¼ r 1 q 2hqi. Thus I hqi. Also, q ¼ f 2 ðqÞ 2 f 2 ðIÞ ¼ I implies hqi I. Hence I ¼ hqi. Conversely, suppose I ¼ hqi. Consider f 2 ðrqÞ 2 f 2 ðIÞ, where rq 2 I, r 2 M n . Then f 2 ðrqÞ ¼ rq 2 I. Thus f 2 ðIÞ I. Now let r 0 q 2 I ¼ hqi, r 0 2 M n . Since I is also hqi, then r 0 q ¼ sq for some s 2 M n . This implies r 0 q ¼ sq ¼ f 2 ðsqÞ 2 f 2 ðIÞ and I f 2 ðIÞ. Thus f 2 ðIÞ ¼ I.
Theorem 2 Consider a Bravais coloring of
M n determined by I. Then (i) T H; (ii) f 1 2 H. Proof. Consider p þ I 2 M n =I ðp 2 M n Þ. (i) Suppose t m 2 T. Then t m ðp þ IÞ ¼ ðp þ mÞ þ I 2 M n =I so that t m 2 H. (ii) f 1 ðp þ IÞ ¼ f 1 ðpÞ þ I ¼ e 2pi=N p þ I 2 M n =I. Thus f 1 2 H.Let p þ I 2 M n =I ðp 2 M n Þ. Then f 2 ðp þ IÞ ¼ p þ I 2 M n =I, thus f 2 2 H. & & &
On color groups of Bravais colorings of planar modules
Given a Bravais coloring of M n determined by I ¼ hqi, we know from Theorem 2 that T, hf 1 i H. Thus there are only two possibilities for the color symmetry group H.
In lieu of Theorem 3, a way to determine whether f 2 2 H is to look at a generator q of a principal ideal I that determines a Bravais coloring C of M n and to determine whether q also generates I. Note that hqi ¼ hqi if and only if q and q are associates in M n . In which case q ¼ AEx j q for some integer j. Thus we have the next result.
Theorem 4 Consider a Bravais coloring C of M n determined by the principal ideal I ¼ hqi. C is perfect if and only if q ¼ AEx j q for some integer j. From Theorem 4, C is perfect if and only if I ¼ hqi, where q ¼ a þ bx þ cx 2 þ dx 3 , takes on at least one of the forms given in Table 2 .
Correspondingly, in the treatment of M n as a four dimensional lattice L, the perfect colorings of L may be obtained as colorings of L based on a sublattice invariant under the point group of G (as given in Theorem 1). The results in Theorems 1 and 4 may be compared using the correspondence in Table 3 . An example follows.
Example 5
As an illustration, we exhibit a Bravais coloring of M 8 determined by I ¼ h1 þ x 2 i in Fig. 1 . Since M 8 is dense in the plane, we choose a discrete subset of M 8 , for which we show the colors. This subset is the vertex set of an Ammann-Beenker tiling, which is a highly suitable object to illustrate any color symmetry of M 8 . The cosets of I in M 8 are I, x þ I, ð1 þ xÞ þ I and 1 þ I to which we assign the colors white, gray, light gray and black respectively. From Table 2 , I determines a perfect coloring since it is of the form ha þ bx þ ax 2 i, where a ¼ 1 and b ¼ 0.
The canonical matrix representation of I relative to the basis f1; x 2 ; x; x 3 g is given by takes one of the forms listed in Theorem 1 (2) . In this
In the next theorem, we present the results which are helpful in the derivation of the color fixing group K.
Theorem 6 Given a Bravais coloring
Proof. (i) Let t m 2 T where m 2 M n . Then t m 2 K if and only if for every
(ii) Assume there exists f 2 K such that f 2 hf 1 , f 2 i. Then fðxÞ ¼ x j or Àx j for some integer j. Since f 2 K, it follows that x and g ¼ fðxÞ are Table 2 . The different forms of I ¼ ha þ bx þ cx 2 þ dx 3 i that give rise to a perfect Bravais coloring of M n ðn 2 f5; 8; 12gÞ. Table 3 . The correspondence between ft; u; v; wg and a basis for M n . assigned the same color and correspondingly, x þ I and g þ I are assigned the same color. Hence, x þ I ¼ g þ I or x À g 2 I and hx À gi I. Thus jM n : Ij jM n : hx À gij. Now, the Galois group of Q(x) over Q consisting of the automorphisms of Q(x) which fix the elements of From the above result, we know that if jM n : Ij > 16, then K ¼ T I . To completely characterize the subgroup K for a given Bravais coloring C of M n determined by I, we derive K for the cases jM n : Ij 16. We present in Table 4 the results on K as well as H, H/K for the various Bravais colorings determined by I for M 5 , M 8 and M 12 . The number of ideals of a given finite index in M n may be obtained from [2] .
Conclusion
In this paper we have determined for each Bravais coloring of a module M n , n 2 f5; 8; 12g determined by a given principal ideal I, the group H of symmetries of the module which induce a permutation of the colors. In summary we see that the color symmetry group is either T Â s C N or T Â s D N where T ffi M n . Moreover, for the quasicrystallographic cases, we have obtained results pertaining to the different forms of a principal ideal I that determine a perfect Bravais coloring of M n and the color fixing groups have also been derived. We have also calculated the P(G)-invariant sublattices of the decagonal, octagonal and dodecagonal lattices (corresponding to M 5 , M 8 and M 12 ) respectively. This paper answers the problem of characterizing and classifying color groups associated with planar modules corresponding to lattices in 4-dimension that demonstrate quasicrystalline symmetries. The results here provide a springboard to answer the broader question of characterizing color symmetry groups and color fixing groups of planar modules in general, corresponding to lattices in higher dimensions.
